Inspired by the general relation between the boundary global symmetry and the bulk gauge symmetry in AdS/CFT, we reformulate the d + 1 dimensional AdS gravity theory as a SO(2, d) gauge theory. In this formalism, the pull back of the bulk equation of motion onto a co-dimension one hypersurface Σ can be naturally explained as the SO(2, d) conservation law under a local energy scale of the dual CFT. Providing these conservation laws as well as a SO(2, d) covariant area law are valid for any local energy scale, the bulk Einstein equation will be automatically implied.
Introduction
The AdS/CFT correspondence [1, 2, 3] implies a duality between the quantum gravity in D = d + 1 dimensional anti-de Sitter space and the d-dimensional conformal field theory. The holographic dictionary between the boundary data of asymptotic AdS space and the CFT quantities has been well established in [3] by the field-operator correspondence. However, apart form the AdS boundary, the explicit CFT realization of the bulk local degree of freedom remains unclear yet. Especially, there is no systematical explanation on the emergence of bulk Einstein equation from the CFT side.
Various approaches have been proposed on the related topics in the past twenty years, including the holographic Callan-Symanzik equation [4] , the holographic Wilsonian renormalization group [5] , the smearing operator [6] , the tensor networks [7] , the integral geometry [8] , etc. In our early work [9] , by considering the conformal transformation of the renormalization scale, it was shown that the bulk dynamics of a scalar field is highly constrained by the SO(2, d) conformal symmetry of the dual CFT scalar operators. If we consider the CFT energy momentum tensor instead, it is natural to explore whether the corresponding bulk gravity dynamics is also constrained by the SO(2, d) symmetry.
Different from the simple scalar operator considered in [9] , the energy momentum tensor itself is related to the conformal Noether current. In such kind of cases, a general principle was noticed in the studies of the AdS/CFT. That is, the global symmetry in the boundary field theory is dual to the gauge symmetry in the bulk theory. It plays a very important role in the applications of AdS/CFT, e.g., the holographic superconductor [10] . Applying this principle to the conformal symmetry in the boundary CFT, we would expect the dual bulk theory is a gauge theory with the gauge group SO(2, d). However, only the SO(1, d) local Lorentzian gauge symmetry is manifest in the usual formula of bulk gravity. To understand the relation between the SO(2, d) symmetry and the bulk dynamics, we need to find a uplifted action of gravity in which the SO(2, d) local gauge symmetry appears manifestly. For D = 3, it is already well known that the AdS 3 gravity can be reformulated as a SO(2, 2) = SL(2, R) × SL(2, R) Chern-Simons theory [11] . This paper is started from showing the similar uplift can be established for general dimensions in Section 2.1. In section 2.2, the relation to the traditional SO(2, d) invariant expressions is analysed by introducing an intrinsic SO(2, d) basis.
Then in Section 3, the corresponding Hamiltonian formalism is analysed. In this formalism, the pull back of the bulk equation of motion onto a co-dimension one hypersurface Σ can be naturally explained as the SO(2, d) conservation law. Providing such kind of conservation law is valid on arbitrary Σ, all components of bulk Einstein equation will be automatically satisfied. The CFT realization of the bulk canonical structure and conservation laws is established in section 3.2. In Section 4, we summarize our results and discuss possible generalizations.
AdS gravity as SO(2, d) gauge theory 2.1 SO(2, d) uplifting of gravity
Written in terms of the vielbein formalism, the D-dimensional gravity action with negative cosmological constant is given by
where ǫ a1···aD is the unit total antisymmetric tensor of SO(1, d) vielbein indices a i = 0, · · · , d. In the usual understanding of Einstein gravity, the fundamental dynamical field is just the vielbein 1-form e a = e a M dx M where {x M } = {x µ , z} are the bulk spacetime coordinates. The curvature 2-form
is the field strength of the spin connection 1-form ω ab = −ω ba which is just the gauge field of the local SO(1, d) group. Providing the torsion free condition
the spin connection is totally fixed by the vielbein. Taking the variation of the action (1), we get the Einstein equation
Alternatively, in the Palatini understanding of gravity, both the vielbein and the spin connection are regarded as independent variables
The corresponding EOM's from the variation of e a and ω ab are respectively
Providing that the vielbein e a is not degenerate, the second equation (7) is equivalent to the torsion free condition (3). Therefore, the Palatini action is equivalent to the original AdS gravity classically.
How to reformulate the above theory as a SO(2, d) gauge theory? A natural idea is to regard the vielbein e a and the spin connection ω ab as different components of the SO(2, d) gauge field Aαβ.
That is
where we use • to denote the additional indices of SO(2, d) vector space andα,β are the vector indices of SO(2, d) group. Then the corresponding field strength is related to the curvature as well as the torsion free condition
More systematically, to split the SO(2, d) gauge connection to e a and ω ab , we need to introduce an additional field Yα which is in the vector representation of SO(2, d). Furthermore, we can impose the following gauge invariant constraint on the Yα field
such that it can be totally fixed by the SO(2, d) gauge choice and does not introduce any additional physical degree of freedom. In this general set up, the space-time metric is given by the following gauge invariant quadratic form
The initial idea of SO(2, d) uplifting (8) can be regarded as the special formula under the gauge choice(the Palatini gauge)
In this special gauge, we have
where D = d + A denotes the SO(2, d) gauge covariant derivative. Now the Palatini EOMs (6) and (7) can be nicely unified in a SO(2, d) covariant way
One can further realize the uplifting at the action level. In the Palatini gauge (12), we have
It suggests the following gauge invariant action
For D = 4, it recovers the MacDowell-Mansouri-Stelle-West action [12, 13, 14] . Does it also come back to the Chern-Simons action [11] in D = 3? At the first sight, the above action looks quite different from the Chern-Simons type of action. Especially, the Yα field does not appear in [11] .
However, this is just an illusion due to the fact that Yα does not appears in the EOM in D = 3.
In fact, the Yα is implicity imposed in [11] when one try to identify the vielbein e a with a specific linear combination A L + A R of the SL(2, R) × SL(2, R) gauge field. Furthermore, the equivalence can be proved by noticing that these two actions are differed by a total derivative term. In general, one can write down the higher dimensional analogy of the action in [11] and prove that these two types of actions are always equivalent to each other up to a total derivative term. The details are explained in the Appendix A.
By varying the gauge field Aαβ in (16), we get
It explicitly reproduce the expected EOM for D > 2. For D = 2, the EOM is trivial since (16) becomes a total derivative term. On the other hand, the EOM derived from varying Yα field #1 is
Providing (17), it is automatically satisfied. Thus as expected, the introducing of Yα does not imposing any additional constraints other than the original Palatini equations.
Besides the Palatini gauge, another useful gauge choice is
where µ = 0, · · · , d − 1. We will denote it as the embedding gauge since Yα takes the value of embedding coordinates of pure AdS in D + 1 dimensional flat space. In this gauge, the A = 0 configuration gives rise to the pure AdS vacuum
Fixing in the embedding gauge (19) , a coordinate transformation on Yα can be mapped to a 
The intrinsic SO(2, d) basis
To clarify the relation between the above gauge theory notations and the usual SO(2, d) invariant notations of gravity, let us expand the quantities with SO(2, d) indices by a gauge covariant basis.
We notice that
Thus {Yα, D M Yα} naturally forms a orthogonal basis of the SO(2, d) vector space when DYα is not degenerate. The completion relation is obviously
#1 Since the norm of Yα is fixed, the independent components of δY EOMs are given by (δβ α + ℓ 2 YαYβ ) Correspondingly, the intrinsic basis for the adjoint representation is
The commutators
give rise to a local realization of the so(2, d) Lie-algebra since it dependents on the local metric g MN manifestly .
Now we can expand the SO(2, d) gauge theory quantities in the intrinsic basis. We notice that
Thus we have the expansion of DDY as
which suggests the following spacetime connection Γ M N P with torsion t
Now the torsion free condition can be expressed covariantly as
Using the corresponding covariant derivative
Similarly, by computing the gauge invariant quantities like
Yα, we find the SO(2, d) field strength can be expanded as
where∇ is the covariant derivative without torsion andR N1N2 M1M2 is the corresponding curvature tensor. Expanding the Bianchi identity on the intrinsic basis, we get
It is equivalent to the two Bianchi identities for the usual Riemann curvature.
We also notice that
where
By using (32) as well as the expansion (30), the bulk EOM
can also be decomposed in terms of the intrinsic basis. We find that the τ MN components of (34) give rise to the torsion free conditions, and the τ M components of (34) give rise to the usual Einstein equations.
Bulk dynamics from CFT conservation laws
Given a co-dimension one hypersurface
the pull back of the bulk EOM (34) on Σ given rise to the
constraint equations for the field configuration on this hypersurface, while the other
components of the bulk EOM can be viewed as the evolution equations corresponding to the change of the hypersurface. The LHS of (34) is given by a d−form, thus the constraint equations is equivalent to
where N (Σ) = dz − ∂ µ ζdx µ is the normal 1-form of the hypersurface Σ. An important observation is that the full bulk Einstein equations will be automatically satisfied if the constraints (36) are valid on any arbitrary hypersurface Σ.
It is known that the radial coordinate µ = z −1 can be explained as the energy scale in the dual CFT [1, 2, 3] . Thus given a bulk hypersurface Σ is related to define the CFT with a finite and position dependent local energy scale. It should not be surprised to introduce the position dependent local energy scale in CFT. In fact, according to the general conformal transformation including the energy scale [9] , a constant energy scale will become position dependent after performing the special conformal transformation. Furthermore, to compare with the bulk SO(2, d) gauge theory description, it is more convenient to introduce the SO(2, d) background field on the CFT side as well. In this formalism, it can be shown that there is a natural way to introduce the local energy scale.
In the CFT perspective, the general conservation law for the conformal symmetry also contains
components due to the SO(2, d) group structure. As a defining property of the conformal field theory, the SO(2, d) conservation law should be preserved after the renormalization under a local energy scale. Thus it is straightforward to conjecture that these conservation laws are the CFT dual of the constraints (36) from the bulk side. If this conjecture is correct, it means that once we establish the SO(2, d) conservation law for any local energy scale at the CFT side, the dual bulk EOM will be automatically implied. The projection of the Y field and bulk gauge fields on Σ are given by
Bulk Hamiltonian formalism
where µ M is the pull back matrix
The pull back of the flux is
is the projected derivative on Σ. Inversely, we have
and
The pull back of the bulk Einstein equation is simply
Just like the bulk metric, the induced metric on Σ can be identified as the following SO(2, d)
invariant quadratic form
One can also try to formulate the intrinsic SO(2, d) basis by α and its derivatives. In additional to α and µ α , we still need to introduce a AEˆα satisfying
Providing µ α is not degenerate, AEˆα is decided as following
Besides the metric g µν , another important SO(2, d) invariant quantity on Σ is
Obviously, it is related to the extrinsic curvature of Σ in the usual geometric language. Analogy with the bulk results (26), the derivatives on the basis { , µ , AE} naturally implies the connection with torsion on Σ,
The flux is decomposed as
where D µ and R ν1ν2 µ1µ2 are respectively the covariant derivative and curvature tensor for the connection Γ ν ρµ . It is also straightforward to check that the Bianchi identity = 0 is equivalent to the two Bianchi identities for Riemannian geometry.
The canonical structure
In terms of the above hypersurface notation, the bulk action becomes
where the coupling constant is g 0 = 2 (d − 1)!κ 2 ℓ. For simplicity, we will set g 0 = 1 in the subsequent part of this paper. We notice that Φ = A z is a free Lagrangian multiplier which gives rise to exactly the constraint (43).
The canonical momentums for the dynamical field and are given by
The corresponding Hamiltonian is simply the constraint for Φ
Since that only first order z-derivative of and appeared in L, the canonical momentums are 
. Now the Poisson bracket can be well defined as usual
#2 More rigorously, we should incorporate the constraint α α = −ℓ 2 manifestly in the canonical procedure. It will lead to the secondary constraint α Πα = 0 which will help us deciding Πα unambiguously.
What is the physical meaning of the constraint (43)? Providing (53) and (54), we find that
Therefore, once the expressions (53) and (54) of canonical momentums are given, the equation (43) is indeed equivalent to the constraint for the SO(2, d) gauge invariance
which generates the SO(2, d) transformation via the Poisson brackets
Now, by linear redefinition of the free lagrangian multipliers, the Hamiltonian action becomes
where we have simplified the expression by using AEˆα and g notations.
Furthermore, in order to understand the physical meaning of other constraints, it is better to decompose λα by the intrinsic SO(2, d) basis
The corresponding constraint decouples as following
Providing (53), it can be further reexpressed as homogenous functions of the canonical momentums
Now we can finally reformulate the Hamiltonian action equivalently as
where the corresponding Hamiltonian
is just the summation of the constraints
By computing the Poisson brackets among these constraints, we find that G 0 , G 
1 are the generators of the gauge covariant bulk diffeomorphism transformation [15] . On the other hand, the constraint G 2 says that the conjugation momentum of the gauge field is given by the SO(2, d) covariant area operator #4 on Σ. It does not relate to any gauge symmetry of the theory, and one can check it is indeed a 2nd class constraint. The consistency condition {H, G 2 } ≈ 0 further implies the secondary constraint
This constraint is also a 2nd class constraint, and it is related to the bulk torsion free condition.
CFT conservation laws and holography
Previously, we have shown that the pull back of the bulk EOM on Σ is related to the SO(2, d)
conservation law in the Hamiltonian formalism. In this part, we sketch how to built up the same structure by the dual CFT arguments. A more comprehensive treatment will be presented in [16] .
#4 Here, the area means the size of a co-dimension one submanifold on Σ.
The appearance of boundary SO(2, d) structure
In the usual description of the UV CFT, the theory is defined upon the background metric g µν .
Inspired by the bulk results, we expect that the same theory could be equivalently described by the 
Equivalently, we can reformulate them as an SO(2, d) conservation law
where the conserved current is decided by the EM tensor as
and the auxiliary background SO(2, d) vector field Yα is given by
This auxiliary background field Yα satisfies the similar relations as in the bulk analysis
The SO(2, d) null-vector Yα can be viewed as the boundary dual of the bulk Yα field. In fact, after regarding Yα as a background primary with conformal weight ∆ = −1, we can apply the bulk-boundary relation suggested in [9] ℓYα(x, z) = z
to generate the corresponding bulk configuration for Yα. Especially, the above configuration (73) will gives rise to the Yα configuration (19) of 
just the flat one. One can also incorporate the torsion by considering µ ν Yα as in the previous section. A crucial point is that the physical degree of freedom for µ can not be totaly fixed by the d-dimensional background geometric data g µν and t ρ νµ . For example, the conditions g µν = η µν and t ρ νµ = 0 are not enough for fixing µ to be the pure gauge configuration. To analyze it in general, we can introduce Xα which satisfies
to establish the intrinsic SO(2, d) basis {Yα, µ Yα, Xα} for UV CFT. Then the SO(2, d) flux is decomposed as
Now it is clear that the missing part is the non-geometric background data
What is the meaning of f µν in the traditional CFT language? A natural candidate is the expectation value T µν of the EM tensor operator itself. By considering the UV Weyl transformation rule, it can be shown [16] that f µν is indeed related to the EM tensor.
It should not be surprised that T µν is incorporated in defining the SO(2, d) structure of the CFT background data. In fact, working on a generic state |ψ , the Noether current J µ is not simply conserved. There must be an additional source term coming from the conformal transformation of the state itself
In the content of AdS/CFT, the relevant states under the lager N limit are characterized by the expectation values of the single trace operators. Especially, for the pure gravity sector, we only need the expectation value T µν to describer the relevant state. Therefore, we have
and the conservation law becomes
It is also reasonable to extend the same perspective to the amplitude for the non-flat background metric g µν . Now we assume that the corresponding vacuum break the conformal symmetry spontaneously. Thus there must be another source term appeared in the SO(2, d) conservation law
The similar argument also holds if the torsion is also introduced. At the level of the effective action W , it is expected that one can treat the state dependent background data g µν , T µν and t ρ µν at equal footing by introducing the SO(2, d) background gauge field . After reformulating these background data in terms of and Y , we have
In this language, the physical conservation laws are realized simply by requiring that the effective action W [ , Y ] is invariant under internal local SO(2, d) transformations, the diffeomorphism transformations as well as the Weyl transformations.
The renormalized CFT conservation laws
To compare with the bulk result directly, we also need to consider the renormalization of the UV background fields µ (x), Y (x) under a finite energy scale µ. The quantity YαYα is a scalar with mass dimension ∆ = −2 which is not allowed to have a non-zero background value in the UV conformal invariant vacuum. Thus we always have YαYα = 0 in the UV fixed point. However, there is no physical reason to expect that the norm of the renormalized field Y (x, µ) remains vanishing along the RG flow. In general, it would be a local function Yα(x, µ)Yα(x, µ) = −ζ 2 (x, µ). In fact, the quantity ζ −1 itself is a natural candidate to label the energy scale. The definition
is different from the norm of the transfer momentum which are used in the usual QFT computations.
We notice that (85) is independent of the background metric, thus it is more convenient in dealing with the issues which are related to the renormalization of the background metric. Another advantage is that its value is locally defined from the beginning.
For the CFT with the local energy scale µ = 1/ζ(x), the renormalized field Y (x, ζ) and its derivative µ Y (x, ζ) are no-longer a nice candidate for an intrinsic SO(2, d) basis since we have Yα µ Yα = 0 generically . Instead, we would like to use
to establish the CFT intrinsic SO(2, d) basis as in Section 3.1.1. Here ℓ is an arbitrary constant which can not be decided at this level. Now, together with the renormalized gauge field µ (x, µ),
we already have all the ingredients to reproduce the bulk results.
Restricting to the states |ψ which can be characterized by the expectation value of the EM tensor, the CFT amplitude is given by
where [Dφ] µ means the path integral is performed by imposing the renormalization condition at the energy scale µ. As a generalization of the fundamental prescription in [3] , we propose that the CFT amplitude equals to the following bulk wave functional
where [DADY ] Σ means that the bulk path integral is performed from interior z = 0 to the hyper-
At the level of the wave functional, the canonical commutator is realized by the following operator
Thus at the bulk classical limit, the expectation value of the canonical momentum operator is given
From the CFT point of view, this is nothing but the source-response relation for the background field µ and . In general, the explicit expressions for Π µ and Π are theory dependent. Especially,
can be expressed as an integral over a local effective Lagrangian density
then the RHS in (90) become local functions of and . Therefore, the dual bulk theory must be a constrained Hamiltonian system as in Section 3.1.2, and the corresponding bulk Lagrangian should contain only 1st order radial derivative of and .
As the defining property of the CFT, we requires again that the effective action W 
By assuming (91), we find that it implies the expected conservation law
The d-dimensional gauge covariant diffeomorphism is given by
For a local effective action W [ , ], we get
This is exactly the G 
In the CFT language, it should be explained as the conservation law for Weyl transformation. This constraint generates the fundamental transformations as following
One can check that it comes back to the scaling of the metric in the z → 0 UV limit. For the general cases, the transformation of the CFT background metric will depend on the expectation value of the EM tensor as well. The more systematical analysis of such kind of generalized Weyl transformation will be presented in [16] . Now, only the expression of Π µ remains undetermined. Unlike the Π, it can not be fixed by the symmetries of the CFT. This is consistent with the fact that the bulk G 2 constraint is a second class constraint. Thus this is really the theory dependent part which can only be decide by the explicit CFT dynamics. Especially, the bulk result suggests that for a CFT dual to the pure Einstein gravity, the CFT effective action W should satisfy
As observed previously, there is a interesting physical explanation of (98). That is, the response of the background gauge field is given by the SO(2, d) covariant area law. We conjecture that this formula can be understood as the local statement of the holographicity of the quantum gravity.
Providing this area law, one can recover the bulk EOM of pure gravity theory from the fact that the constraint (43) is valid for any local energy scale. It is very curious to clarify its relation with the other holographic area laws, such as the black hole entropy, the Ryu-Takayanagi formula [17] , etc.
On the other hand, it is also very interesting to explore what kind of bulk theory would arise if we modify the above covariant area law. We hope to come back to these issues in the future works.
There is another equivalent way to understand the emergence of the bulk dynamics in our framework. A systematical approach to treat the renormalization issue is to find a Hamiltonian H RG which generates the RG flow. The renormalization conditions defining the theory at finite energy scales can be viewed as additional constraints G a of this Hamiltonian system. Especially, the various conservation laws can be viewed as part of the renormalization conditions. To ensure these constraints are satisfied at all the energy scales, the commutator [H RG , G a ] must be weakly zero. In the CFT case, since the information about the evolution along the direction of the energy scale has already been captured by the Weyl symmetry, the simplest choice of the Hamiltonian H RG is just the summation of all the constraints as observed in the bulk discussions (66). This argument also
give rises to a general explanation about the fact that a boundary global symmetry is always dual to a bulk gauge symmetry. Of course, for the general QFT which does not have the Weyl invariance, additional information related to the scaling behavior is needed for constructing the Hamiltonian of the RG flow.
Summary
In this paper, we apply a manifestly SO(2, d) covariant formalism to explore the holographic emergency of the bulk dynamics. The bulk gravity is reformulated as a SO(2, d) gauge theory. The analysis in the Hamiltonian formalism shows that the bulk EOM is governed by the hypersurface SO(2, d) conservation law. Providing the SO(2, d) conservation law is valid on arbitrary hypersurface Σ, the full bulk Einstein equation will be automatically satisfied.
In the dual CFT side, we notice that it is also possible to introduce the SO ( In principle, a similar holographic description of the corresponding gravity theory could be established by following the same procedures in this paper. As a subsequent task, it is curious enough to consider these generalizations in full details and comparing our procedure with the other proposals [18, 19] . On the other hand, we notice that the Hamiltonian formalism obtained in this paper is quite similar to the Hamiltonian based on the Ashtekar variables in loop quantum gravity [20, 21] .
Thus it is quite interesting to consider whether one can use the technics in LQG to perform the canonical quantization of this bulk SO(2, d) gauge theory. If so, it might offer a possible way to establish the holographic dictionary at the full quantum level.
A The alternative bulk action
Alternatively, we can construct the SO(2, d) uplifting of the Palatini action by following the method in [11] . Ignoring the dimensions, the exterior derivative of the Palatini Lagrangian density is 
The corresponding SO(2, d) uplifting is given by
which comes back to (99) under the Palatine gauge (12) . We can also check that this uplifted D + 1
form (100) 
where Ω 2k+1 = 
On the other hand, we notice that the exterior derivative of the Lagrangian density in (16) 
It gives rise to the same V D+1 as in (100). Thus for D > 2, the Lagrangian obtained in (103) and (104) must be equivalent to the one in (16) up to total derivative terms. For D = 2, the Lagrangian density in (16) itself is locally a total derivative term.
